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by an explicit function of the norm of the involved coeﬃcients in the equation. As far as
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1. Introduction
Let T > 0, G ⊂ Rn (n is a positive integer) be a given bounded domain with a smooth boundary ∂G , and let ω and
σ be two given nonempty open subsets of G . Denote by χA the characteristic function of set A. Put Q = (0, T ) × G ,
Qω = (0, T ) × ω, Qσ = (0, T ) × σ , Σ = (0, T ) × ∂G.
In this paper, we use the following notations: (Ω,F , P ) := a complete probability space on which a one-dimensional
standard Brownian motion w(t)t0 is deﬁned such that (Ft)t0 is the natural ﬁltration generated by w(·), augmented
by all the P -null sets in F ; H := a Banach space; L2F (0, T ; H) := the Banach space consisting of all H-valued (Ft)t0-
adapted processes X(·) with ﬁnite norm E(|X(·)|2
L2(0,T ;H)) < ∞; L∞F (0, T ; H) := the Banach space consisting of all H-valued
(Ft)t0-adapted bounded processes; L2F (Ω;C([0, T ]; H)) := the Banach space consisting of all H-valued (Ft)t0-adapted
continuous processes X(·) with ﬁnite norm E(|X(·)|2C([0,T ];H)) < ∞.
We consider a forward stochastic heat equation with partial known initial condition⎧⎪⎨
⎪⎩
dv − v dt = (βv + ξ + χωγ )dt + (μv + Γ )dw(t) in Q ,
v = 0 on Σ,
v(x,0) = y0(x) + τ yˆ0 in G,
(1)
with suitable coeﬃcients β and μ. In (1), ξ ∈ L2F (0, T ; L2(G)) and y0 ∈ L2(Ω,F0, P ; L2(G)) are, respectively, a known heat
source and a given initial datum; yˆ0 ∈ L2(Ω,F0, P ; L2(G)) is unknown with ‖ yˆ0‖L2(Ω,F0,P ;L2(G)) = 1 and τ is an unknown
small real number. Here, the control variable consists of the pair (γ ,Γ ) ∈ L2F (0, T ; L2(ω)) × L2F (0, T ; L2(G)). Refer to [14],
it is known that there exists a global solution v of (1) in the class of
v ∈ L2F
(
Ω;C([0, T ]; L2(G)))∩ L2F (0, T ; H10(G)).
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Φ
(
v(·,·;τ ,γ ,Γ ))= 1
2
E
∫
Qσ
∣∣v(x, t;τ ,γ ,Γ )∣∣2 dxdt, (2)
where v(·,·;τ ,γ ,Γ ) is the solution of (1) associated to τ ,γ and Γ . The main goal of this paper is to analyze the existence
of a control pair (γ ,Γ ) that makes the functional Φ locally insensitive to small perturbations in the initial condition. That
is to say, we have to ﬁnd a control pair (γ ,Γ ) such that the inﬂuence of the unknown data yˆ0 is not perceptible for Φ .
More precisely,
Deﬁnition 1. The control pair (γ ,Γ ) is said to insensitizing the functional Φ if
∂Φ(v)
∂τ
∣∣∣∣
τ=0
= 0, ∀ yˆ0 ∈ L2(Ω,F0, P ; L2(G))with ‖ yˆ0‖L2(Ω,F0,P ;L2(G)) = 1. (3)
Remark 1. The insensitizing controls problem for deterministic heat equations has a possible physical interpretation as in [5].
The state function v can be viewed as the relative temperature of a body. The problem with insensitizing Φ means that we
are seeking a control pair (γ ,Γ ) acting on ω × G such that the energy Φ in Qσ is invariant for small perturbations in the
initial data.
Remark 2. In the literature, the usual functional Φ is given by the L2 norm of the state (see [2–6], or [9], for instance).
For the deterministic heat equations with constant coeﬃcients, [7] considered an insensitizing controls problem under a
functional given by the L2 norm of the gradient of the state. This functional may be concerned for the stochastic heat
equations, but need to some technical estimates as in [7].
Insensitivity problems were originally introduced by J.-L. Lions in [11] and were ﬁrst studied for semilinear deterministic
heat equations with globally Lipschitz-continuous nonlinearities. Sequently, there are many studies on the insensitivity
problems [2–9]. In [2], the existence of the so-called ε-insensitizing controls for partially known data in both the initial
and boundary conditions was proved. A similar result was proved by De Teresa [8] in unbounded domains. The ﬁrst results
on the existence and non-existence of insensitizing controls were proved in De Teresa [9]. To be precise, the author showed
that when the nonlinear term f ≡ 0 and ω ∩ σ 
= ∅, one cannot expect the existence of insensitizing controls for every
y0 ∈ L2(G). On the other hand, for y0 = 0 and suitable assumptions on ξ , de Teresa proves the existence of controls such
that (3) holds (see Theorem 1 in [9]). Thus, the conditions ω∩σ 
= ∅ and y0 = 0 have always been imposed in the literature
where insensitizing controls are concerned. For an extension of this result to more general nonlinearities, see [3–6]. In
contrast, as far as we know, there is no insensitivity result for stochastic partial differential equations. In this sense, this is
the ﬁrst attempt to consider insensitizing controls problem for stochastic heat equations.
In what follows, we ﬁx an n∗ so that⎧⎪⎨
⎪⎩
n∗  2, if n = 1,
n∗ > 2, if n = 2,
n∗  n, if n 3.
The aim in this paper is to prove the existence of controls insensitizing the functional Φ for (1). More precisely, we prove
the following:
Theorem 1. Let T > 0, ω ∩ σ 
= ∅ and y0 = 0. Assume that
β ∈ L∞F
(
0, T ; Ln∗(G)), and μ ∈ L∞F (0, T ;W 1,∞(G;Rn)). (4)
Then there exist positive constants H = H(G, T ,ω,σ ) and M = M(G, T ,ω,σ ) such that if ξ ∈ L2F (0, T ; L2(G)) satisﬁes
E
∫
Q ξ
2 exp(M
t2
)dxdt < ∞ then, there exist controls γ and Γ insensitizing the functional deﬁned by (2). Moreover
‖Γ ‖L2F (0,T ;L2(G)) + ‖γ ‖L2F (0,T ;L2(ω)) 
√
H
[ ∫
Q
exp
(
M
t2
)
ξ2 dxdt
] 1
2
.
Remark 3. In the deterministic framework, the condition ω ∩ σ 
= ∅ has always been imposed in the literature where
insensitizing controls are concerned. Recently, for the (simpler) situation of looking for an ε-insensitizing control and the
functional Φ , it has been demonstrated that this condition is not necessary for solutions of linear heat equations (see [10]).
In the stochastic framework, it is also interesting to know whether the condition ω ∩ σ 
= ∅ is necessary.
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of insensitizing controls for nonvanishing initial data in L2(G) when ω ∩ σ 
= ∅. The proof of this result is based on a coun-
terexample for which the appropriate observability inequality fails when the initial data belong to L2(G). Similar arguments
could be used for the stochastic heat systems. In view of this, it is reasonable to impose in Theorem 1 that y0 = 0.
Remark 5. As argument in [13], due to the lack of compactness, it seems to be diﬃcult to establish the global insensitivity
result for semilinear stochastic heat equations.
Remark 6. The similar insensitizing controls problem could be considered for the backward stochastic heat equations. But
one may encounters the diﬃculty to establish an appropriate observability inequality by some well known Carleman in-
equalities for forward stochastic heat equations and backward stochastic heat equations.
Remark 7. The constants H and M in the control cost will be estimated by explicit functions of the norm of the involved
coeﬃcients in the equation in (15) and (14).
In general, the insensitivity condition (3) is equivalent to a null controllability problem [2]. The equivalence is given as
the following proposition.
Proposition 1. Let y and (q, Y ) be the solutions of the following equations,
⎧⎪⎨
⎪⎩
dy − y dt = (β y + ξ + χωγ )dt + (μy + Γ )dw(t) in Q ,
y = 0 on Σ,
y(x,0) = y0(x) in G,
(5)
⎧⎪⎨
⎪⎩
dq + qdt = (−βq − μY − χσ y)dt + Y dw(t) in Q ,
q = 0 on Σ,
q(x, T ) = 0 in G.
(6)
Then, the insensitivity condition (3) is equivalent to
q(·,0) = 0 P-a.s. in G. (7)
Remark 8. Observe that (7) is precisely a null controllability property for the cascade system (5)–(6). However, the control
pair (γ ,Γ ) acts on the equation q in a indirect way and this adds important diﬃculties to the standard control problems.
Even for the standard controllability for the forward and backward stochastic parabolic equations problem, only a few results
were obtained by [12] and [13]. [12] announced the null controllability of both forward and backward linear stochastic
parabolic equations under some technical assumptions on the coeﬃcients (do not depend on space variables), but without
introducing the extra control Γ for forward linear stochastic parabolic equations. However, in [12], only a reachable set
was presented for some linear forward stochastic parabolic equations. Such a controllability result is implied by a new
form of the Carleman inequality that holds only for solutions to a dual system having a special ﬁnal condition. While, [13]
dropped the undersired technical assumptions on coeﬃcients and allowed the coeﬃcients to depend on both time and
space variables and on the random parameter as well. Based on a stochastic version of the global Carleman estimate, [13]
gave a uniﬁed treatment on the observability estimate for both forward and backward stochastic parabolic equations. As
remarked in [12], it is very hard to establish the observability estimate for this system with only one observer. In [13], two
observers were introduced to overcome this diﬃculty, and two controls (one was put on the drift term and the other was
put on the diffusion term) were used to achieve the desired null controllability result.
Proof. The state v solution of (1) is differentiable with τ and its derivative of v with τ denoted by vτ , and vτ is the
solution of⎧⎪⎨
⎪⎩
dvτ − vτ dt = βvτ dt + μvτ dw(t) in Q ,
vτ = 0 on Σ,
vτ (x,0) = yˆ0 in G.
(8)
Noting d(qvτ ) = vτ dq + qdvτ + dvτ dq, using (6) and (8), we ﬁnd
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∫
G
q(T )vτ (T )dx− E
∫
G
q(0)vτ (0)dx = E
∫
Q
(vτ dq + qdvτ + dqdvτ )dx
= E
∫
Q
vτ
[
(−q − βq − μY − χσ y)dt + Ydw(t)
]
dx
+ E
∫
Q
q
[
(vτ + βvτ r)dt + μvτ dw(t)
]
dx+ E
∫
Q
μvτ Y dxdt
= −E
∫
Q
χσ yvτ dxdt.
Then, the derivative of Φ with τ at τ = 0 is
0 = ∂Φ
∂τ
∣∣∣∣
τ=0
= E
∫
Q
χσ yvτ dxdt = E
∫
G
q(0) yˆ0 dx. (9)
Since yˆ0 can be chosen arbitrarily, this implies (7). 
By means of the classical duality argument, the null controllability of (5)–(6) may be reduced to the observability es-
timates for the backward and forward couple stochastic parabolic equations. For this, we consider the following cascade
systems of equations,⎧⎪⎨
⎪⎩
ds − s dt = βs dt + μs dw(t) in Q ,
s = 0 on Σ,
s(x,0) = s0(x) in G,
(10)
⎧⎪⎨
⎪⎩
dh + hdt = (−βh − μV − χσ s)dt + Vdw(t) in Q ,
h = 0 on Σ,
h(x, T ) = 0 in G,
(11)
with coeﬃcients β ∈ L∞F (0, T ; Ln
∗
(G)) and μ ∈ L∞F (0, T ; L∞(G)). The observability problem of (10)–(11) is to show that for
some constant M > 0 large enough there exists H > 0 such that the following observability inequality
E
∫
Q
exp
(−Mt−2)h2 dxdt  H
(
E
T∫
0
∫
ω
h2 dxdt + E
∫
Q
V 2 dt
)
(12)
holds true.
2. The observability inequality
In this section we prove an observability inequality for (10)–(11). In the sequel, we denote
r1 = ‖β‖L∞F (0,T ;Ln∗ (G)), r2 = ‖μ‖L∞F (0,T ;W 1,∞(G;Rn)). (13)
The main result in this section is the following one:
Theorem 2. Assume that T > 0,ω ∩ σ 
= ∅, and β,μ satisfy (4). Then, there exist positive constants M and H, such that for every
s0 ∈ L2(Ω,F0, P ; L2(G)), the corresponding solutions s and (h, V ) of (10)–(11) satisﬁes (12). More precisely,
M = C
[
1
T 2
+ 1+ T 2M ′ + T 3r2 +
(
T 4 + T 6 + T 8)r21
]
(14)
and
H = exp
{
C
[
1
T 4
+ 1
T 2
+ M ′ + T (1+ r21 + r22)+ T 32 r2 + (T 2 + T 3 + T 4)r21
]}
(15)
where C = C(G,ω,σ ) and M ′ is given by
M ′ = 1+ r21 + r2 + r2/32 + r22. (16)
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lems [6].
One basic tool to prove this observability inequality is a global Carleman inequality for forward stochastic heat systems
of the form⎧⎪⎨
⎪⎩
dz − z dt = F1 dt + F2 dw(t) in Q ,
z = 0 on Σ,
z(x,0) = z0(x) in G,
(17)
with z0 ∈ L2(Ω,F0, P ; L2(G)) and F1 and F2 are in L2F (0, T ; L2(G)). For this we need to introduce an auxiliary function
whose existence is guaranteed by the following result [1].
Lemma 1. LetB⊂⊂ G be a nonempty open subset. Then there exists a function ψ ∈ C4(G) such that ψ > 0 in G, ψ = 0 on ∂G and
|∇ψ | > 0 in G \B.
For a ﬁxed nonempty open subset B⊂⊂ G , let us set
α(x) = e2C∗‖ψ‖C(G) − eC∗ψ, x ∈ G (18)
and
η(x, t) = α(x)
t2(T − t)2 , x ∈ G, t ∈ (0, T ), (19)
where C∗ is an appropriate positive constant only depending on G and B. Using Theorem 5.2 in [13], one can prove the
following Carleman inequality for (17).
Lemma 2. Let z be the solution of (17) associated to z0 ∈ L2(Ω,F0, P ; L2(G)). LetB be an nonempty open subset of G. There exist
positive constants C0 and Λ0 (depending only on G andB) such that if F1 ∈ L2F (0, T ; L2(G)) and F2 ∈ L2F (0, T ;W 1,∞(G;Rn)), for
every λ λ0 = Λ0(G,B)(1+ T 2 + T 4) one has
λ3E
∫
Q
t−6(T − t)−6e−2ληz2 dxdt + λE
∫
Q
t−2(T − t)−2e−2λη|∇z|2 dxdt
 C0
[
E
∫
Q
e−2λη F 21 dxdt + λ3E
∫
B×(0,T )
t−6(T − t)−6e−2ληz2 dxdt
+ E
∫
Q
e−2λη|∇ F2|2 dxdt + λ2E
∫
Q
t−4(T − t)−4e−2λη F 22 dxdt
]
. (20)
The other basic tool to establish the observability inequality (12) is a global Carleman estimate for backward heat systems
of the form⎧⎪⎨
⎪⎩
dz + z dt = F dt + Z dw(t) in Q ,
z = 0 on Σ,
z(x, T ) = zT (x) in G.
(21)
Using Theorem 6.1 in [13], one can also prove the following Carleman inequality.
Lemma 3. Let z be the solution of (21) associated to zT ∈ L2(Ω,FT , P ; L2(G)). LetB be an nonempty open subset of G. There exist
positive constants C0 and Λ0 (depending only on G andB) such that if F in L2F (0, T ; L2(G)), for every λ λ0 = Λ0(G,B)(1+ T 2)
one has
λ3E
∫
Q
t−6(T − t)−6e−2ληz2 dxdt + λE
∫
Q
t−2(T − t)−2e−2λη|∇z|2 dxdt
 C
{(
1+ T 4)E ∫
Q
e−2λη F 2 dxdt + λ3E
∫
B×(0,T )
t−6(T − t)−6e−2ληz2 dxdt
+ λ2E
∫
t−4(T − t)−4e−2λη Z2 dxdt
}
. (22)Q
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lemma, which was introduced in [6].
Lemma 4. Let α and η be deﬁned as in (18)–(19), m0 = minG α, and M0 = maxG α.
(1) For every λ 7T 4
25m0
and (x, t) ∈ Q , one has
λ4e−2ληt−14(T − t)−14  28
(
7
m0
)4
e−7T−12. (23)
(2) For every λ T 4M0 and (x, t) ∈ G × (0, T /2), one has
e−2ληt−6(T − t)−6  Aλ exp
(−Mλ
t2
)
, (24)
with
Aλ =
(
2
T
)12
exp
(
−12λM0
T 4
)
, Mλ = 5λM0
T 2
. (25)
(3) For every λ 0 and (x, t) ∈ G × (T /4,3T /4), one has
e2ληt6(T − t)6 
(
T
2
)12
exp
(
29λM0
32T 4
)
. (26)
Proof. The method of the proof is identical to one in [6], and we only prove the second result which needs some technical
estimates. Noting that
1
t2(T − t)2 =
1
T
[
1
t2(T − t) +
1
t(T − t)2
]
 1
T 2
[
1
t2
+ 1
t(T − t)
]
+ 1
t2T 2
+ 1
4(T − t)4
 2
t2T 2
+ 1
2T 2
[
1
t2
+ 1
2T 2(T − t)2
]
+ 1
4(T − t)4
 5
2t2T 2
+ 3
2(T − t)2T 2
since 1
T 2
 1
(T−t)2 
4
T 2
, for t ∈ (0, T /2). Then, we have
e−2ληt−6(T − t)−6  exp
(
−5λM0
t2T 2
)
t−6Hλ(t),
and Hλ(t) = exp( −3λM0(T−t)2T 2 )(T − t)−6. It is easy to check that, for every λ  T
4
M0
, Hλ(t) is decreasing in (0, T /2). Therefore,
∀t ∈ (0, T /2), t−6Hλ(t) (T /2)−6Hλ(T /2) = Aλ . 
Proof of Theorem 1. The structure of the proof is similar to that of Theorem 2.1 in [5], which concerned for a deterministic
heat cascade system. We give out the proof in three steps. In ﬁrst step, using appropriate Carleman inequalities, we prove
an inequality involving the functions s and h which solve (10) and (11). This inequality allows us to bound the function s
in terms of h. In second step, we show a new Carleman inequality for the function h which does not involve s. In ﬁnal step,
combining with classical energy estimates for heat equation, we obtain the desired observability inequality.
Let us consider two nonempty open sets B1 and B2 such that B1 ⊂⊂ B2 ⊂ ω ∩ σ . Denote Q 1  B1 × (0, T ) and Q 2 
B2 × (0, T ). Applying Lemma 2 to the solution s of (10) with F1 = βs, F2 = μs and B= B1, there exist positive constants
C1 = C1(G, B1) and Λ1 = Λ1(G, B1) such that
λ3E
∫
Q
t−6(T − t)−6e−2ληs2 dxdt + λE
∫
Q
t−2(T − t)−2e−2λη|∇s|2 dxdt
 C1λ3E
∫
t−6(T − t)−6e−2ληs2 dxdt (27)
Q 1
144 Y. Yan, F. Sun / J. Math. Anal. Appl. 384 (2011) 138–150for every λ λ1 with
λ1 = Λ1(G, B1)
[
1+ T 2 + T 4(1+ r21 + r2/32 + r22)+ r21T 12]. (28)
Similarly, applying Lemma 3 to the solution h of (11) with F = −βh − μV + χσ s, Z = V and B= B2, there exists positive
constants C2 = C2(G, B2) and Λ2 = Λ2(G, B2) such that
λ3E
∫
Q
t−6(T − t)−6e−2ληh2 dxdt + λE
∫
Q
t−2(T − t)−2e−2λη|∇h|2 dxdt
 C2
[
λ3E
∫
Q 2
t−6(T − t)−6e−2ληh2 dxdt + λE
∫
Qσ
e−2ληs2 dxdt + λ2E
∫
Q
t−4(T − t)−4e−2ληV 2 dxdt
]
(29)
for every λ λ2 with
λ2 = Λ2(G, B2)
[
1+ T 2 + T 4(r21 + r2)+ T 6r2 + (T 8 + T 12 + T 16)r21]. (30)
First step, we prove an inequality which bounds s in terms of h. Consider a cut function ξ1 ∈ C∞0 (G) such that
0 ξ1  1 in G, ξ1 = 1 in B1, supp ξ1 ⊂ B2 ⊂ ω ∩ σ , (31)
ξ1
ξ
1/2
1
∈ L∞(G) and ∇ξ1
ξ
1/2
1
∈ (L∞(G))n. (32)
To simplify notations, we set
u = λ3t−6(T − t)−6e−2λη. (33)
Let λ λ1 given by (28). Noting that
d(uhs) = uthsdt + usdh + uhds + u dsdh, (34)
taking into account that u(0) and u(T ) vanish in G , and integrating over Q , one has
0 = E
∫
Q
ξ1
{
shut + su
[−hdt + (−βh − μV − χσ s)dt]}dt dx
+ E
∫
Q
ξ1hu(s + βs)dt dx+ E
∫
Q
ξ1uμsV dt dx
= E
∫
Q
[
ξ1shut − (ξ1u)sh − 2h∇(ξ1u) · ∇s
]
dxdt − E
∫
Qσ
us2ξ1 dxdt,
then
E
∫
Qσ
us2ξ1 dxdt = E
∫
Q
[
ξ1shut − (ξ1u)sh − 2h∇(ξ1u) · ∇s
]
dxdt
 I1 + I2 + I3. (35)
Now we estimate each Ii , i = 1,2,3. In the sequel, C denotes a positive constant depending only on G , B1 and B2 which
may change from one line to another. Recalling that
ut = −6λ3t−7(T − t)−7(T − 2t)e−2λη + 4λ4t−9(T − t)−9(T − 2t)α(x)e−2λη
 Cλ3t−9(T − t)−9T e−2λη(T 4 + λ) Cλ4t−9(T − t)−9T e−2λη,
since λΛ1(G, B1)T 4. Thus, by Hölder and Young inequalities, we can estimate
I1  Cλ4t−9(T − t)−9T e−2ληshξ1 dt
 δ1E
∫
Q
ξ1s
2u dxdt + CT 2λ5E
∫
Q
ξ1h
2t−12(T − t)−12e−2λη dxdt
 δ1E
∫
ξ1s
2u dxdt + Cλ6E
∫
h2t−12(T − t)−12e−2λη dxdt (36)Q Q 2
Y. Yan, F. Sun / J. Math. Anal. Appl. 384 (2011) 138–150 145for any δ1 > 0, since λΛ1(G, B1)T 2. In order to estimate I2 = E
∫
Q (ξ1u)sh dxdt , let us consider that
(ξ1u) = λ3t−6(T − t)−6
[
ξ1e
−2λη + 2∇ξ1 · ∇
(
e−2λη
)+ ξ1(e−2λη)],
with ∣∣∇(e−2λη)∣∣= 2λe−2ληt−2(T − t)−2|∇α| Cλe−2ληt−2(T − t)−2,∣∣(e−2λη)∣∣= 2λe−2ληt−4(T − t)−4[2λ|∇α|2 + αt2(T − t)2]
 Cλe−2ληt−4(T − t)−4(λ + T 4) Cλ2e−2ληt−4(T − t)−4,
since λΛ1(G, B1)T 4. Taking (31) and (32) into account, one has
I2  C E
∫
Q
λ3t−6(T − t)−6e−2ληξ1/21
(
1+ λt−2(T − t)−2 + λ2t−4(T − t)−4)sh dxdt
 C E
∫
Q
λ3t−10(T − t)−10e−2ληξ1/21
(
T 8 + λT 4 + λ2)sh dxdt
 C E
∫
Q
λ5t−10(T − t)−10e−2ληξ1/21 sh dxdt
 δ2E
∫
Q
us2ξ1 dxdt + C E
∫
Q 2
λ7t−14(T − t)−14e−2ληh2 dxdt (37)
since λΛ1(G, B1)T 4. Finally we estimate I3 = E
∫
Q 2h∇(ξ1u) · ∇s dxdt . One has
I3  C E
∫
Q
[
λ3t−6(T − t)−6e−2ληξ1/21 + λ4t−8(T − t)−8e−2ληξ1
]|h||∇s|dxdt
 C E
∫
Q
λ4t−8(T − t)−8e−2λη|h||∇s|ξ1/21 dxdt
 δ3E
∫
Q
λt−2(T − t)−2e−2λη|∇s|2ξ1 dxdt + C E
∫
Q 2
λ7t−14(T − t)−14e−2ληh2 dxdt, (38)
for any δ3 > 0, since λΛ1(G, B1)T 4.
Let us choose δ1 = δ2 = 14 and δ3 = 12C1 with C1 = C1(G, B1) > 0 as in (27). Taking estimates (36)–(38) to (35) and
using (31), we have
E
∫
Q 1
us2 dxdt  E
∫
Q
us2ξ1 dxdt
 1
2C1
E
∫
Q 2
λt−2(T − t)−2e−2λη|∇s|2 dxdt
+ C E
∫
Q 2
λ7t−14(T − t)−14e−2ληh2 dxdt
+ C E
∫
Q 2
λ6t−12(T − t)−12e−2ληh2 dxdt
 1
2C1
E
∫
Q 2
λt−2(T − t)−2e−2λη|∇s|2 dxdt
+ C E
∫
Q 2
λ7t−14(T − t)−14e−2ληh2 dxdt (39)
since λΛ1(G, B1)T 4. We put (39) in (27), for λ λ1, we get
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∫
Q
t−6(T − t)−6e−2ληs2 dxdt + λE
∫
Q
t−2(T − t)−2e−2λη|∇s|2 dxdt
 C E
∫
Q 2
λ7t−14(T − t)−14e−2ληh2 dxdt. (40)
Second step, we shall obtain a new Carleman inequality for the function h and V which does not involve s. Taking λ λ1
and applying (40), we have
E
∫
Qσ
e−2λη|s|2 dxdt  Cλ3E
∫
Q
t−6(T − t)−6e−2λη|s|2 dxdt
 C E
∫
Q 2
λ7t−14(T − t)−14e−2ληh2 dxdt. (41)
Thus, taking (41) to (29), one has
λ3E
∫
Q
t−6(T − t)−6e−2ληh2 dxdt + λE
∫
Q
t−2(T − t)−2e−2λη|∇h|2 dxdt
 C2
[
λ3E
∫
Q 2
t−6(T − t)−6e−2ληh2 dxdt + E
∫
Q 2
λ7t−14(T − t)−14e−2ληh2 dxdt
+ λ2E
∫
Q
t−4(T − t)−4e−2ληV 2 dxdt
]
 C2
[
E
∫
Q 2
λ7t−14(T − t)−14e−2ληh2 dxdt + λ7E
∫
Q
t−14(T − t)−14e−2ληV 2 dxdt
]
(42)
for every λ λ3, with
λ3 = Λ3(G, B1, B2)
[
1+ T 2 + T 4M ′ + T 6r2 +
(
T 8 + T 12 + T 16)r21] (43)
and
M ′ = 1+ r21 + r2 + r2/32 + r22, Λ3 = max{Λ1,Λ2}. (44)
Final step, we obtain the desire observability inequality combining energy estimates with inequalities (40) and (42).
Noting d(s2) = 2s ds + (ds)2, applying the usual energy estimate to systems (10), for any t1 < t2, it holds that
E
∫
G
s2(t2)dx− E
∫
G
s2(t1)dx = E
t2∫
t1
∫
G
[
2s ds + (ds)2]dx
= E
t2∫
t1
∫
G
(
2ss + 2βs2 + μ2s2)dt dx
= E
t2∫
t1
∫
G
(−2|∇s|2 + 2βs2 + μ2s2)dt dx
 C
(
r21 + r22
)
E
t2∫
t1
∫
G
s2 dxdt. (45)
Then, by the Gronwall inequality, one has
E
∫
G
s2(t2)dxdt  exp
[
C
(
r21 + r22
)
(t2 − t1)
]
E
∫
G
s2(t1)dxdt. (46)
In particular, we have
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∫
G
s2
(
t + T
4
)
dxdt  exp
[
C
(
r21 + r22
)
T
]
E
∫
G
s2(t)dxdt, for all t ∈ [T /4,3T /4],
and hence,
E
∫
G×(T /2,T )
s2 dxdt  exp
[
C
(
r21 + r22
)
T
]
E
∫
G×(T /4,3T /4)
s2 dxdt. (47)
Similarly, applying the usual energy estimate to systems (11), for any 0< t < T , one has
E
∫
G
h2(T )dx− E
∫
G
h2(t)dx = E
T∫
t
∫
G
[
2hdh + (dh)2]dx
= E
T∫
t
∫
G
(−2h2 − 2βh2 − μhV − χσhs + V 2)dt dx
= E
T∫
t
∫
G
(
2|∇h|2 − 2βh2 − 2μhV − χσhs + V 2
)
dt dx
 C
(
r21 + r22
)[−E
T∫
t
∫
G
h2 dxdt − E
T∫
t
∫
σ
s2 dxdt
]
. (48)
Noting that h(T ) = 0, in terms of the Gronwall inequality, it holds that
E
∫
G
h2(t)dxdt  exp
[
C
(
1+ r21 + r22
)
(T − t)]E
T∫
t
∫
σ
s2 dxdt. (49)
Then, for all t ∈ [T /2, T ], we have that
E
∫
G×(t,T )
h2(t)dxdt  (T − t)exp[C(1+ r21 + r22)T ]E
∫
G×(t,T )
s2 dxdt. (50)
Thus
E
∫
G×(T /2,T )
h2(t)dxdt  exp
[
C
(
1+ r21 + r22
)
T
]
E
∫
G×(T /2,T )
s2 dxdt. (51)
On one hand, in view of (47), (51), one has
E
∫
G×(T /2,T )
exp
(
−Mλ
t2
)
h2 dxdt  E
∫
G×(T /2,T )
h2 dxdt
 exp
[
C
(
1+ r21 + r22
)
T
]
E
∫
G×(T /2,T )
s2 dxdt
 exp
[
C
(
1+ r21 + r22
)
T
]
E
∫
G×(T /4,3T /4)
s2 dxdt. (52)
And by (52) and (26) of Lemma 4, it follows that
E
∫
G×(T /2,T )
exp
(
−Mλ
t2
)
h2 dxdt  C exp
[
C
(
1+ r21 + r22
)
T
]
T 12 exp
(
29λM0
32T 4
)
E
∫
Q
e−2ληt−6(T − t)−6s2 dxdt.
Recalling (40), we have that
E
∫
exp
(
−Mλ
t2
)
h2 dxdt  C exp
{
C
[(
1+ r21 + r22
)
T + λ
T 4
]}
T 12E
∫
λ4e−2ληt−14(T − t)−14h2 dxdt.G×(T /2,T ) Q 2
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E
∫
G×(T /2,T )
exp
(
−Mλ
t2
)
h2 dxdt  C exp
{
C
[(
1+ r21 + r22
)
T + λ
T 4
]}
E
∫
Q 2
h2 dxdt, (53)
for any λ λ4 = max{ 7T 425m0 , λ1}, λ1 being as in (28).
On the other hand, by (24), (42) and (23), we have
E
∫
G×(0,T /2)
exp
(
−Mλ
t2
)
h2 dxdt
 C exp
(
12λM0
T 4
)
T 12E
∫
Q
e−2ληt−6(T − t)−6h2 dxdt
 C exp
(
12λM0
T 4
)
T 12
[
E
∫
Q 2
λ4t−14(T − t)−14e−2ληh2 dxdt + E
∫
Q
λ4t−14(T − t)−14e−2ληV 2 dxdt
]
 C exp
(
12λM0
T 4
)(
E
∫
Q 2
h2 dxdt + E
∫
Q
V 2 dxdt
)
, (54)
for all λ λ5 = max{λ3, T 4M0 , 7T
4
25m0
}, λ3 being as in (43). Combining (53) with (54), yields
E
∫
Q
exp
(
−Mλ
t2
)
h2 dxdt  C exp
{
C
[(
1+ r21 + r22
)
T + λ
T 4
]}(
E
∫
Q 2
h2 dxdt + E
∫
Q
V 2 dxdt
)
for any λ λ6 = max{λ4, λ5}, λ6 given by
λ6 = Λ6(G, B1, B2)
(
1+ T 2 + T 4M ′ + T 6r2 +
(
T 8 + T 12 + T 16)r21) (55)
where Λ6(G, B1, B2) = max{ 1M0 , 725m0 ,Λ3(G, B1, B2)}, Λ3 and M
′ are deﬁned as in (44). Finally, setting λ = λ6 in the pre-
vious inequality and recalling the deﬁnition of M in (14) and H in (15), and the fact that Q 2 ⊂ ω × (0, T ), we obtain the
desired observability inequality. 
3. Proof of Theorem 1
This section is devoted to prove the null controllability of (5)–(6) under the observability inequality (12).
We introduce the following linear subset of L2F (0, T ; L2(ω)) × L2F (0, T ; L2(G)):
A {(h|Qω×Ω, V ) ∣∣ (h, V ) solves system (10)–(11) with some s0 ∈ L2(Ω,F0, P ; L2(G))},
and deﬁne a linear functional on χ as follows:
L(h|Qω×Ω, V ) = −E
∫
Q
hξ dxdt. (56)
By means of Theorem 2, we see that
‖L‖A 
√
H
[ ∫
Q
exp
(
M
t2
)
ξ2 dxdt
] 1
2
. (57)
Thus, L is a bounded linear functional on A. By the Hahn–Banach theorem, L can be extended to a bounded linear
functional on L2F (0, T ; L2(ω)) × L2F (0, T ; L2(G)). For simplicity, we use the same notation for this extension. Now, by (57),
the Riesz representation theorem allows us to ﬁnd a pair of random ﬁelds (γ ,Γ ) ∈ L2F (0, T ; L2(ω)) × L2F (0, T ; L2(G)) such
that
E
∫
Q
VΓ dxdt + E
∫
Qω
hγ dxdt = −E
∫
Q
hξ dxdt (58)
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‖Γ ‖L2F (0,T ;L2(G)) + ‖γ ‖L2F (0,T ;L2(ω)) = ‖L‖A 
√
H
[ ∫
Q
exp
(
M
t2
)
ξ2 dxdt
] 1
2
. (59)
We claim that this pair of random ﬁelds (γ ,Γ ) is exactly the control we need. In fact, for any s0 ∈ L2(Ω,F0, P ; L2(G)), we
have that
E
∫
G
q(T )s(T )dx− E
∫
G
q(0)s(0)dx = E
∫
Q
(sdq + qds + dqds)dx
= E
∫
Q
s
[
(−q + −βq − μY − χσ y)dt + Ydw(t)
]
dx
+ E
∫
Q
q
[
(s + βs)dt + μs dw(t)]dx+ E ∫
Q
μsY dxdt
= −E
∫
Qσ
sy dxdt, (60)
and
E
∫
G
y(T )h(T )dx− E
∫
G
y(0)h(0)dx
= E
∫
Q
(hdy + y dh + dy dh)dx
= E
∫
Q
y
[
(−h − βh − μV − χσ s)dt + V dw(t)
]
dx
+ E
∫
Q
h
[
(y + β y + ξ + χωγ )dt + (μy + Γ )dw(t)
]
dx+ E
∫
Q
(Γ + μy)V dxdt
= E
∫
Q
VΓ dxdt + E
∫
Qω
hγ dxdt − E
∫
Qσ
sy dxdt + E
∫
Q
hξ dxdt. (61)
Noting y(T ) = q(T ) = y(0) = 0, combining (60)–(61), we have
E
∫
Q
VΓ dxdt + E
∫
Qω
hγ dxdt + E
∫
Q
hξ dxdt = E
∫
G
q(0)s0 dx. (62)
Recalling (58), we obtain that E
∫
G q(0)s
0 dx = 0. Since s0 can be chosen arbitrarily, (62) implies that q(0) = 0 in G , P -a.s.
Then by (59) and Proposition 1, we deduce Theorem 1.
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